Abstract. Using the Bia lynicki-Birula method, we determine the additive structure of the integral homology groups of the moduli spaces of semi-stable sheaves on the projective plane having rank and Chern classes (5, 1, 4), (7, 2, 6), respectively, (0, 5, 19) . We compute the Hodge numbers of these moduli spaces.
Introduction
Let r > 0, c 1 , c 2 be integers. Let M(r, c 1 , c 2 ) be the moduli space of Gieseker semi-stable sheaves on P be the discriminant and slope of a sheaf giving a point in M(r, c 1 , c 2 ). The moduli spaces M(r, c 1 , c 2 ) of dimension zero consist of a point, the isomorphism class of a semi-exceptional bundle, (see [16, Section 16.1] ). According to [8] , there exists a unique function δ : Q → Q such that for all r, c 1 , c 2 , M(r, c 1 , c 2 ) has positive dimension if and only if ∆(r, c 1 , c 2 ) ≥ δ(µ). (The function δ is positive and periodic of period 1, see [16, Section 16.4] .) In [8] , M(r, c 1 , c 2 ) is said to have height zero if ∆ = δ(µ). It was proved in [8] that the moduli spaces of height zero are isomorphic to moduli spaces of semi-stable Kronecker modules. Let q, m, n be positive integers. The group GL(m, C) × GL(n, C) acts by conjugation on the vector space Hom(C m ⊗ C q , C n ), whose elements are called Kronecker modules. The subset of semi-stable Kronecker modules admits a good quotient, denoted N(q, m, n), which, according to [8] , is an irreducible projective variety of dimension qmn − m 2 − n 2 + 1, if non-empty. It is smooth at points given by stable Kronecker modules so, in particular, N(q, m, n) is smooth if m and n are coprime. The main result of [8] states that if M(r, c 1 , c 2 ) has height zero, then there are an exceptional bundle E and integers m, n such that we have a canonical isomorphism M(r, c 1 , c 2 ) ≃ N(3 rank(E), m, n).
Let x E denote the smallest real solution to the equation x 2 − 3 rank(E)x + 1 = 0. Let µ(E) denote the slope of E. Then µ(E) − x E rank(E) < µ < µ(E) + x E rank(E) .
Composing with the isomorphism N(q, m, n) ≃ N(q, n, qn − m) of [8] , we obtain a new moduli space of height zero, denoted Λ + M(r, c 1 , c 2 ), whose slope is smaller than µ if µ < µ(E), respectively, larger than µ if µ > µ(E). Iterating this process we obtain an infinite sequence of isomorphic moduli spaces. We say that M(r, c 1 , c 2 ) is initial if it is not of the form Λ + M(r, c . The classification of the moduli spaces of height zero and dimension up to 10 was carried out in [8] . We will see in Section 3.1 that there are no moduli spaces of height zero and dimension 11.
The first goal of this paper is to determine the additive structure of the homology groups of the moduli spaces of height zero and dimension 12. In Section 3.1 we will show that they are isomorphic to N (3, 4, 3) , which is a smooth projective variety. We will use the method of Bia lynicki-Birula [1] , [2] , which consists of analysing the fixed-point locus for the action of a torus on a smooth projective variety. We refer to [6, Section 2] for a short introduction to the Bia lynicki-Birula theory. We fix a vector space V over C of dimension 3 and we identify P 2 with P(V). We fix a basis {X, Y, Z} of V * . We consider the action of (C * ) 3 on P 2 given by t(x 0 : x 1 : x 2 ) = (t
, where t = (t 0 , t 1 , t 2 ). The induced action on the symmetric algebra of V * is given by the formula
In particular, we get an action of (C * ) 3 on Hom(C 4 , C 3 ⊗ V * ) by multiplication on V * . This descends to an action on N (3, 4, 3) . Consider the torus T = (C * ) 3 /{(c, c, c) | c ∈ C * }.
Note that the action of (C * ) 3 on P 2 and, also, on N(3, 4, 3) factors through an action of T . Theorem 1. The initial moduli spaces of height zero and dimension twelve are M(5, −1, 4), M(7, −2, 6), M(5, 1, 4), M (7, 2, 6) , as well as the moduli spaces obtained from these by twisting with O(m), m ∈ Z. These moduli spaces are isomorphic to N (3, 4, 3) . The T -fixed locus of N(3, 4, 3) consists of 62 isolated points and 3 projective lines. Moreover, the integral homology groups of N (3, 4, 3) The Euler characteristic of N(3, 4, 3) is 68 and its Hodge numbers satisfy the relation h pq = 0 if p = q.
Drézet [9] and Ellingsrud and Strømme [12] have given algorithms for computing the homology of N(q, m, n) based on different methods. Moreover, according to [9] , the cohomology ring of N(q, m, n) is generated by the Chern clases of certain universal vector bundles, if m and n are coprime. This implies the above statement about the Hodge numbers of N(3, 4, 3) Let r > 0 and χ be integers. Let M P 2 (r, χ) be the moduli space of Gieseker semi-stable sheaves on P 2 having Hilbert polynomial P(m) = rm + χ (this the same as M(0, r, r(r + 3)/2 − χ)). The aim of the second part of this paper is to compute the Hodge numbers of M P 2 (5, 1). According to [15] , this is a smooth projective variety of dimension 26.
The study of the moduli spaces M P 2 (r, 1) is partly motivated by Gromov-Witten Theory. Let X be a polarised Calabi-Yau threefold and fix β ∈ H 2 (X, Z). Let M X (β) be the moduli space of semi-stable sheaves F on X having Euler characteristic 1 and whose support has dimension 1 and class β. Consider the genuszero Gromov-Witten invariant N β (X) of X and the Donaldson-Thomas invariant n β (X) = deg[M X (β)] vir . Katz [13] conjectured the relation
for which he found evidence by looking at contractible curves. Li and Wu [17] have proved the conjecture in some particular cases. Assume now that X is the local P 2 , that is, the total space of ω P 2 . Then, as noted in [4] , M X (r) = M P 2 (r, 1), hence, up to sign, n r (X) is equal to the Euler characteristic of M P 2 (r, 1). We refer to [6] for a brief survey on the present state of research into these moduli spaces.
The Poincaré polynomial of M P 2 (5, 1) has already been computed in [22] by means of a cellular decomposition and in [5] by the wall-crossing method. We will, instead, apply the Bia lynicki-Birula method to the action on M P 2 (5, 1) induced by the action of T on P 2 . Concretely, let µ t : P 2 → P 2 denote the map of multiplication by t ∈ T and let [F ] denote the point in M P 2 (5, 1) determined by a sheaf F on P 2 . The action of T on the moduli space is given by
To determine the torus fixed locus we will use the classification of semi-stable sheaves F on P 2 with Hilbert polynomial P(m) = 5m + 1 provided at [19] . The same technique was used in [20] to study the homology of M P 2 (5, 3) and in [6] to study M P 2 (4, 1).
Theorem 2. The T -fixed locus of M P 2 (5, 1) consists of 1407 isolated points, 132 projective lines and 6 irreducible components of dimension 2 that are isomorphic to P 1 × P 1 . The integral homology groups of M P 2 (5, 1) have no torsion and its Poincaré polynomial is is T -equivariant, surjective, and has surjective differential at every point. Determining N (3, 4, 3) T is, therefore, indispensable for determining M T 0 . Moreover, as T -modules, the tangent space at a fixed point of N(3, 4, 3) is a direct summand of the tangent space at a fixed point of M 0 lying over it.
The paper is organised as follows. In Sections 2 and 4 we will determine the torus fixed points in N(3, 4, 3), respectively, M P 2 (5, 1). In Sections 3 and 5 we will describe the torus action on the tangent spaces at the fixed points. We will omit the proofs of most propositions from Sections 4 and 5 because they are analogous to results in [6] and [20] .
In closing, we mention that the Betti numbers of M P 2 (5, 1) are the same as the Betti numbers of M P 2 (5, 3), as computed in [22] and [20] . This raises the question whether these two moduli spaces are isomorphic.
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The torus fixed locus of N(3, 4, 3)
Consider the vector space
Its elements are represented by 3 × 4-matrices ϕ with entries in V * . The reductive group G = (GL(4, C) × GL(3, C))/C * acts on W by the formula (g, h)ϕ = hϕg −1 . Here C * is embedded as the subgroup of homotheties. According to King's Criterion of Semi-stability [14] , the set W ss of semi-stable elements consists of those matrices that are not in the orbit of a matrix having a zero-column, or a zero 1 × 3-submatrix, or a zero 2 × 2-submatrix. We have a geometric quotient W ss /G, which is the Kronecker moduli space N(3, 4, 3). The point [ϕ] in the moduli space determined by ϕ is T -fixed if and only if for each t ∈ T there is (g, h) ∈ G such that tϕ = (g, h)ϕ. Let ζ i , 1 ≤ i ≤ 4, denote the maximal minor of ϕ obtained by deleting the column i. Let W i ⊂ W ss , i = 0, 1, 2, denote the subset given by the condition
Its image N i in N(3, 4, 3) is torus-invariant. Moreover, N 0 is an open subset, N 1 is a locally closed subset and N 2 is a closed subset of N (3, 4, 3) . There are no semi-stable matrices ϕ whose maximal minors have a common factor of degree 3. Indeed, if ϕ were such a matrix, then we might assume, after we perform elementary column operations, that
showing that the last column of ϕ is zero, which is contrary to semi-stability. Also, the case when ζ i are all zero is not feasible. Indeed, assume that all maximal minors of ϕ were zero. Let ϕ i denote the matrix obtained from ϕ by deleting column i. By hypothesis, ϕ i is not equivalent to a matrix having a zero row, a zero column, or a zero 2 × 2-submatrix. In other words, ϕ i is semi-stable as a Kronecker module. From the description of N(3, 3, 3) found in [15] , we know that
Thus, there is a row vector l i of length 3 whose entries form a basis of V * , such that l i ϕ i = 0. Since ϕ i and ϕ j have two columns in common, it is easy to see that l i = l j for all 1 ≤ i < j ≤ 4. It follows that l 1 ϕ = 0, hence ϕ has linearly dependent columns, contrary to semi-stability. The above discussion shows that N(3, 4, 3) .
Notations.
N = N(3, 4, 3); S 3 = the group of permutations σ of the variables (X, Y, Z); A 3 = the subgroup of S 3 of even permutations; ϕ σ = the matrix obtained from ϕ after performing the permutation σ; 
where the ideal sheaf of Z is the cokernel of ϕ T : 3O(−4) → 4O(−3). Equivalently, Z is the zero-set of the ideal generated by the maximal minors ζ 1 , ζ 2 , ζ 3 , ζ 4 of ϕ. Thus, up to equivalence, ϕ is uniquely determined by its maximal minors. The classification of the T -invariant subschemes Z ∈ Hilb 0 P 2 (6) is well-known. Note that Z is supported on a subset of {p 0 , p 1 , p 2 }, so it has one of the following types:
2.1.1. Type (2, 2, 2). There are two T -invariant subschemes Z of type (2, 2, 2), namely {p 01 , p 12 , p 20 } and {p 02 , p 21 , p 10 }. The ideal of the former is
so it corresponds to the matrix
The matrix corresponding to the other scheme is α σ , where σ is the transposition (X, Y). 
we see that Z corresponds to the matrix
. The two subschemes of Z of length 3 cannot be each contained in a line. The scheme {q 0 , q 1 } is unfeasible because it is contained in the conic curve {Z 2 = 0}. It follows that Z = {q i , q jk }, for distinct i, j, k. There are six such schemes obtained from Z = {q 01 , q 2 } by the action of S 3 . Since
we deduce that Z corresponds to the matrix
2.1.4. Type (1, 1, 4). Let r be the point of Z of multiplicity 4, supported say at p 2 . Note that r cannot be contained in a line, otherwise Z would be contained in the union of two lines. Thus, I(r) ∩ span{X 2 , XY, Y 2 } is a T -invariant subspace of dimension 2. This subspace must be generated by two invariant monomials. Note that r cannot be contained in the conic curve {XY = 0}, otherwise Z would be contained in the said conic. Thus, I(r) = (X 2 , Y 2 ); we denote this point by r 2 . We obtain three schemes: {r 0 , p 1 , p 2 }, {r 1 , p 0 , p 2 }, {r 2 , p 0 , p 1 }. The ideal of the latter is
The other two matrices are δ σ , where σ = (X, Z), respectively, (Y, Z).
2.1.5. Type (2, 4). Let r be the point of Z of multiplicity 4. As before, r cannot be contained in a line. Moreover, r = r 2 , otherwise Z would be contained in the conic curve {X 2 = 0} or {Y 2 = 0}. Thus, r = r 20 or r = r 21 , where r 20 is given by the ideal (X 3 , XY, Y 2 ) and r 21 is given by the ideal (X 2 , XY, Y 3 ). We get six schemes obtained from Z = {p 10 , r 20 } by the action of S 3 . Since
we deduce that Z corresponds to the matrix 
hence Z corresponds to the matrix
2.1.7. Type 6. There is only one T -invariant point of multiplicity 6 supported on
) and the associated matrix is
The matrices corresponding to the other two points of multiplicity 6 are η σ , where 
Proof. For every t ∈ T , tϕ ∼ ϕ, hence U tϕ = U ϕ , hence span{tl} = span{l}. Thus, l is a monomial. Let ξ 1 , . . . , ξ k be the distinct monomials occurring in ζ 1 . We can find t 1 , . . . , t k ∈ T such that t 1 ζ 1 , . . . , t k ζ 1 are linearly independent. Thus, each 
where υ has linearly independent maximal minors. Thus, υ gives a point in N(3, 3, 2). We will examine several cases according to the different possibilities for Coker(υ).
Assume first that the maximal minors of υ have no common factor. This condition defines an open subset N 0 (3, 3, 2) ⊂ N(3, 3, 2). Consider the Hilbert scheme of zero-dimensional subschemes of length 3 of P 2 and let Hilb 
where the ideal sheaf of Y is the cokernel of υ T : 2O(−3) → 3O(−2). Equivalently, Y is the zero-set of the ideal generated by the maximal minors of υ. Thus, up to equivalence, υ is uniquely determined by its maximal minors. Note that l ′ = l. Without loss of generality we may assume that l ′ = X, the other cases being obtained by a permutation of the variables. We have an extension
In the sequel ϕ will represent a T -fixed point in N(3, 4, 3).
2.2.2.
The case when Y is the union of three non-colinear closed points. Let Y ′ ⊂ Y be the subscheme supported on P 2 \ L. For t ∈ T denote by µ t : P 2 → P 2 the map of multiplication by t. Note that µ * t (Coker(ϕ)) ≃ Coker(ϕ), hence, taking into account the exact sequence from above, µ *
The other two points of Y are given by the ideals (X, aY + bZ), respectively, (X, cY + dZ), where ad − bc = 0. It follows that
Thus, we may write
Since X divides ζ 4 , X also divides l 1 , so, performing column operations, we may assume that l 1 = 0. Note that a, b, c, d cannot be all non-zero, otherwise U ϕ would contain the set X{XY, XZ, Y 2 , YZ, Z 2 }, which is contrary to Proposition 2.2.1.
which clearly represents a T -fixed point. If e = 0, then, by semi-stability, f = 0, so
In conclusion, we have six T -fixed points [θ σ ], σ ∈ S 3 . They are distinct because
2.2.3.
The case when Y is the union of a closed point on L and a double point outside L. Assume that Y = {p, q}, where p is a closed point and q is a double point. Arguing as at Section 2.2.2, we see that p and q cannot be both in P 2 \ L. Assume that p ∈ L and q ∈ P 2 \ L. Then q ∈ {p 01 , p 02 }, say q = p 02 . Thus, p is given by the ideal (X, aY + Z) for some a ∈ C and q is given by the ideal (Y, Z(aY + Z)). We have
so we may write
Performing elementary row and column operations, we may write
Performing elementary operations on ϕ we may assume that a 3 = 0 and c 3 = 0. Note that b 3 = 0, otherwise the semi-stability of ϕ would get contradicted. Thus, we may write
The orbits for the action of G on W ss are closed because there are no properly semi-stable points. Thus, ϕ ∼ lim c→0 ψ c = ι, where
clearly determines a T -fixed point in N. Note that ι ≁ θ σ for all σ ∈ S 3 because type(θ) = (2, 1, 2) whereas type(ι) = (2, 2, 2). Thus, we obtain six new fixed points
2.2.4.
The case when Y is the union of a closed point outside L and a double point. Assume that Y = {p, q}, where p ∈ P 2 \ L is a closed point and q is a double point. Then, as before, p = p 0 and red(q) ∈ L. In fact, we will show that q is a subscheme of L. Assume that the contrary is true. Then I(q) = ((aY + bZ) 2 , X + aY + bZ), where a and b are not both zero, say a = 0. We have I(p) = (aY + bZ, Z), hence
2 ).
We may now write
Note that b = 0, otherwise X{Y 2 , YZ, Z 2 , XY, XZ} ⊂ U ϕ , contrary to Proposition 2.2.1. After we perform elementary row and column operations, we may write
we deduce, by virtue of Proposition 2.2.1, that f = 0, ae + d = 0, c = 0. Thus, e = 0 and
For each c ∈ C * consider the morphism
By the argument at Section 2.2.3, we deduce that ϕ ∼ ψ. However, this is absurd, because type(ϕ) = type(ψ). The above discussion shows that q is a subscheme of L, so I(q) = (X, (aY +bZ) 2 ), where a, b are not both zero, say a = 0. We have
2 ), so we may write
Since X divides ζ 4 , X also divides l 1 , hence, performing row and column operations, we may write
, we conclude that we get three new T -fixed points,
2.2.5. The case when Y is the union of a closed point on L and a double point whose support is on L. Assume that Y = {p, q}, where p, red(q) ∈ L. Thus,
where ad − bc = 0. It follows that
We may assume that b = 0, the case when a = 0 being obtained by a permutation of variables. Thus, d = 0. Assume first that e = 0. Then X{X 2 , XY, XZ, YZ, acY 2 } ⊂ U ϕ , forcing c = 0, in view of Proposition 2.2.1. We may write
Since X divides ζ 4 , we see that X divides l 3 , so, performing row and column operations, we may assume that l 3 = 0 and l 2 = fY. Since fXY 2 belongs to
Clearly, λ represents a T -fixed point of N different from θ σ , ι σ , κ σ for all σ ∈ S 3 because type(λ) = (3, 1, 2) is different from the types of the other points. We obtain six new T -fixed points
Assume now that e = 0. As b = 0, we have a = 0. Thus, we may write
As before, X divides l 3 , hence, performing row and column operations, we may write
. Thus, we obtain six new points [µ σ ], σ ∈ S 3 . Finally, we assume that c = 0, so we may write
2.2.6. The case when Y is a triple point. Assume that Y is a triple point that is not contained in a line.
Recalling from the beginning of Section 2.2 that the generators of I(Y) determine υ up to equivalence, we may write
, we deduce that ζ 4 = 0, which is contrary to our assumption that ϕ give a point in N 1 . This shows that red(Y) is a point on L, given by the ideal (X, aY + bZ), where a, b are not both zero, say a = 0. The possible ideals defining Y are
In the first case we may write
By hypothesis X divides ζ 4 , hence X divides l 1 . Performing elementary row and column operations, we may assume that 
Assume now that Y has the ideal given at (ii). We may write 
and we obtain the fixed point [ν] .
Assume, finally, that Y has the ideal given at (iii). Thus, we may assume that
Notice that X{X 2 , Y 2 , XY, YZ, bZ 2 , cXZ} ⊂ U ϕ hence, by Proposition 2.2.1, b = 0, c = 0, and we may write
Since X divides ζ 4 , X also divides Zl 3 − aYl 1 , from which, as in Section 2.2.3, it follows that
As in Section 2.2.4, the morphism ψ = lim e→0 ψ e lies in W ss and ϕ ∼ ψ, which yields a contradiction.
2.2.7.
The case when the maximal minors of υ have a common linear factor. Assume that ϕ ∈ W 1 represents a T -fixed point and that the maximal minors of υ, denoted υ 1 , υ 2 , υ 3 , have a common linear factor. Then
As before, we may assume that l is a monomial, say X, the other cases being obtained by a permutation of the variables. Performing column operations, we may assume that the maximal minors of υ are X 2 , XY, XZ. It is now easy to see that we may write
Applying Proposition 2.2.1 we can easily see that l ′ is a monomial. Indeed, if, say,
In the sequel we will assume that l ′ ∈ {X, Y, Z}. When l ′ = Y or l ′ = Z we do not obtain any new fixed points in N. To see this it is enough to consider only the case when l ′ = Y, the other case being obtained by swapping Y and Z. Thus, we consider the matrix
hence, in view of Proposition 2.2.1, precisely one among the numbers a, b, d is non-zero. We will first reduce the problem to the case when c = 0. Assume that a and c are non-zero, so
As at Section 2.2.4, the matrix ψ = lim Arguing as above we can show that ϕ ∼ ψ. It can be proven that this is impossible, however, for our purposes, all we need is to observe that ψ ∼ ι, so, at any rate, we do not get a new T -fixed point. We have thus reduced to the case when c = 0. Thus, ϕ has one of the following forms:
We obtain the fixed points
It remains to examine the case when l ′ = X. We may write In Section 2.3 below we will see that this matrix is semi-stable. The point [λ(1 : −1)] lies in the closure of A, so we get a connected set
Clearly, Λ is not reduced to a point because it contains points from N 1 and N 2 .
, hence Λ is isomorphic to P 1 , and hence A is an affine line. (It can be shown that the map P 1 → Λ is injective, hence it is an isomorphism, but we will not need these fact.)
Clearly, Λ is fixed by the transposition (Y, Z), so we get three projective lines
Assume now that a = 0, c = −b and d = 0. We may write 2.3. Fixed points in N 2 . Consider ϕ ∈ W. Assume that gcd(ζ 1 , ζ 2 , ζ 3 , ζ 4 ) = q for some q ∈ S 2 V * . According to [19, Proposition 3.3.2] , ϕ is semi-stable if and only if ϕ is equivalent to a morphism of the form
Moreover, U ϕ = span{qX, qY, qZ} and q is a monomial. Assume that q = X 2 . Then l 3 = 0 mod (Y, Z) so, without loss of generality, we may assume that
Since q = X(X + a 2 Y − a 1 Z), we deduce that a 1 = 0, a 2 = 0 and we obtain the T -fixed point [λ(1 : −1)] from Section 2.2.7. Analogously, when q = Y 2 or Z 2 , we get the T -fixed points [λ(1 : −1) σ ] for σ = (X, Y), respectively, (X, Z).
Assume now that q = XY. Clearly, l 1 = 0 mod (X, Y), hence we may write
Since
Proof of Theorem 1
In Section 2 we found that the isolated points of N T are α, β, γ, δ, ε, ζ, η, θ, ι, κ, µ, ν, ξ and the points obtained from these by permutations of variables. Thus, N T consists of 62 isolated points and 3 projective lines, namely Λ and two other lines obtained by permutations of variables. In Section 3.3 below we will examine the action of T on the tangent spaces at the T -fixed points. Before that, we will find the initial moduli spaces of height zero and dimension 12.
3.1. Diophantine equations. The condition that the Kronecker moduli space N(3r, m, n) have dimension 12 is equivalent to the equation
We fix r and solve for (m, n). The set of solutions is preserved under the operations
We say that two solutions (m, n) and (m ′ , n ′ ) are equivalent if one of them can be obtained from the other by applying finitely many times the operations R and S. Let (m, n) be a solution that is smallest in its equivalence class, in the sense that
would be an equivalent solution for which m ′ < m, contradicting the choice of (m, n). Checking the cases when m = n or m = 3rn/2 yields no solutions, so we may assume that n < m < 3rn/2. Thus,
Checking the cases when 2m/(3r) < n < m ≤ 10 yields the solution (r, m, n) = (1, 4, 3) . We conclude that the solutions to equation 3.1.1 are of the form (1, m, n), where (m, n) ∼ (4, 3). As a consequence, the moduli spaces of height zero and dimension 12 are isomorphic to N (3, 4, 3) . Note that the exceptional bundle E is a line bundle. Analogously, the solutions to the diophantine equation
are of the form (4, m, n), where (m, n) ∼ (1, 1). It follows that the moduli spaces of height zero and dimension 11 are associated to exceptional bundles of rank 4. According to [21] , there are no exceptional bundles of rank 4 on P 2 . We conclude that there are no moduli spaces of height zero and dimension 11.
3.2.
forcing 4 ≤ r ≤ 9. The condition that M have height zero is equivalent to the condition . We obtain the moduli spaces M(5, −1, 4) and M(7, −2, 6). By duality, if µ ≥ µ(E), we obtain the initial moduli spaces M(5, 1, 4) and M(7, 2, 6).
3.3.
Torus representation of the tangent spaces. Let ϕ ∈ W ss give a torus fixed point in N (3, 4, 3) . Assume that there are morphisms of groups
such that tϕ = v(t)ϕu(t) for all t ∈ (C * ) 3 . In Table 1 below we give such morphisms u and v for all fixed points ϕ found in Section 2. According to [6, Formula (6.1.1)], the action of (C * ) 3 on T [ϕ] N, denoted by ⋆, is given by
and is induced by an action on W given by the same formula. According to [6, Formula (6.1.
3)], the induced action on T ϕ (Gϕ) is given by
Here we identify T ϕ (Gϕ) with the tangent space of G at its neutral element obtained by means of (3.3.2) , from the list of weights for the action of T on T ϕ W, obtained using (3.3.1): Table 2 below we give, in additive notation, the list of weights for each fixed point from Section 2. These lists are obtained with the aid of the Singular [7] program from Appendix A. The points λ(b : c) from Section 2.2.7 are ignored because the T -representation of the tangent space at a point is unchanged if the point varies in a connected component of N T , so it is enough to examine only one point on Λ, say [λ].
be a one-parameter subgroup of T that is not orthogonal to any non-zero character appearing in Table 2 . The set of weights from Table  2 is contained on the set
satisfying the condition λ, χ > 0. Using the procedure "positive-parts" from Appendix A we compute the list of numbers p[ϕ σ ], σ ∈ S 3 . The results are written Table 3 below.
We quote below the Homology Basis Formula [3, Theorem 4.4]. Let X 1 , . . . , X m denote the irreducible components of N T . Denote p(i) = p(X i ) = p[ϕ] for some (or, in fact, any) point [ϕ] ∈ X i . Then for 0 ≤ n ≤ 2 dim(N) we have the isomorphism Let Π denote the set of isolated T -fixed points in N. From (3.3.3) we get the formula
Substituting the values of p[ϕ] from 
This shows that h pq (N) = 0 for p = q, because the same is true of the Hodge numbers of all X i (which are points or projective lines).
The torus fixed locus of M P 2 (5, 1)
For the convenience of the reader we recall from [19] the classification of semistable sheaves on P 2 having Hilbert polynomial 5m + 1. In M P 2 (5, 1) we have four smooth strata M 0 , M 1 , M 2 , M 3 . The stratum M 0 is open and consists of sheaves having a presentation of the form
where ϕ 11 is semi-stable as a Kronecker module. We denote by M 01 ⊂ M 0 the locally closed subset given by the condition that the greatest common divisor of the maximal minors of ϕ 11 , denoted ζ 1 , ζ 2 , ζ 3 , ζ 4 , is a linear form. Likewise, M 02 is the locally closed subset given by the condition that ζ 1 , ζ 2 , ζ 3 , ζ 4 have a common factor of degree 2. The complement M 0 \(M 01 ∪ M 02 ) is given by the condition that ζ 1 , ζ 2 , ζ 3 , ζ 4 have no common factor. In this case the zero-set of ζ 1 , ζ 2 , ζ 3 , ζ 4 is a zero-dimensional subscheme Z ⊂ P 2 of length 6 that is not contained in a conic curve. Thus, M 0 \(M 01 ∪ M 02 ) consists of all sheaves of the form O Q (−Z) (2) D , where Q ⊂ P 2 is a quintic curve, Z is a subscheme of Q as above and O Q (−Z) ⊂ O Q is its ideal sheaf. Here Q is defined by the equation det(ϕ) = 0. For a one-dimensional sheaf F on P 2 we use the notation F D to denote the dual sheaf Ext 1 (F , ω P 2 ). The stratum M 1 is locally closed and has codimension 2. It consists of those sheaves given by exact sequences of the form
where ϕ 12 and ϕ 22 are linearly independent. Let M 10 ⊂ M 1 be the open subset (in the relative topology) given by the condition that ϕ 12 and ϕ 22 have no common factor. Clearly, M 10 consists of sheaves of the form O Q (−X )(2), where Q ⊂ P 2 is a quintic curve, X is the intersection of two conic curves without common component, X is contained in Q and O Q (−X ) ⊂ O Q is its ideal sheaf. The complement M 11 = M 1 \ M 10 is given by the condition that ϕ 12 = ll 1 , ϕ 22 = ll 2 for some linear forms l, l 1 , l 2 .
The stratum M 2 is locally closed of codimension 3. The points [F ] in M 2 are given by exact sequences of the form
where ϕ 23 has linearly independent entries, ϕ 13 = 0, ϕ 12 = 0, and ϕ 11 is not divisible by ϕ 12 .
The deepest stratum M 3 is closed of codimension 5 and is isomorphic to the universal quintic curve. The sheaves F giving points in M 3 are cokernels of the form 0 −→ 2O(−3)
where ϕ 11 and ϕ 12 are linearly independent. Equivalently, these are the sheaves of the form O Q (−P)(1) D , where P is a closed point on a quintic curve Q. Let W i be the set of morphisms ϕ as above such that Coker(ϕ) gives a point in M i . The ambient vector space W i of morphisms of sheaves is acted upon by the group of automorphisms G i . Thus
As shown in [19] , the canonical maps W i → M i are geometric quotient maps. In particular, the strata M i are smooth. Consider first the torus action on
D gives a T -fixed point precisely if Q and Z are T -invariant. Up to a permutation of variables, there are seven schemes Z corresponding to the matrices α, β, γ, δ, ε, ζ, and η from Section 2. For each fixed Z there are twelve invariant quintics Q containing it. In the sequel, we will concentrate on finding the fixed points in M 01 ∪ M 02 . Thus, ϕ 11 is equivalent to one of the matrices θ, ι, κ, λ(a : b), µ, ν, and ξ from Section 2. Among these, λ(1 : −1) and ξ correspond to points in M 02 , while the other matrices correspond to points in M 01 . We will examine only the case when ϕ 11 is equivalent to θ, the other cases being analogous. Write d = det(ϕ) = X i Y j Z k and fix quadratic forms q 1 , q 2 , q 3 , q 4 satisfying the equation
is the column vector of maximal minors of θ. The set M(θ, d) is parametrised by morphisms of the form 
From the relation We get an isolated fixed point, namely (0, 0),
, in which case we get an affine line of fixed points. Summarising, we obtain the following proposition.
Proposition 4.1.1. Assume that ψ gives a T -fixed point in N(3, 4, 3). Let ζ 1 , ζ 2 , ζ 3 , ζ 4 be its maximal minors. Then, for any monomial d of degree 5 belonging to the ideal (ζ 1 , ζ 2 , ζ 3 , ζ 4 ), the set of fixed points for the action of T on M(ψ, d) has precisely one irreducible component, which is either a point or an affine line. We have a line in the following cases:
Note that the torus fixed lines in M(λ(a : b), X 2 Y 2 Z) sweep a surface isomorphic to
has six irreducible components of dimension 2 obtained from the surface Σ 0 with parametrisation
by permutations of variables.
4.2.
Fixed points in M 1 . Assume that the point in M 1 represented by the morphism ϕ = f 1 q 1 f 2 q 2 is fixed by T . Then, since the fibres of the map W 1 → M 1 are the G 1 -orbits, we deduce that for each t ∈ T there is (g(t), h(t)) ∈ G 1 such that tϕ = h(t)ϕg(t). By the argument at [20, Section 2.1.1], we deduce that q 1 and q 2 are distinct monomials of degree 2. Moreover, d = det(ϕ) is a monomial of degree 5 that varies in the ideal (q 1 , q 2 ). We denote by M(q 1 , q 2 , d) the image in M P 2 (5, 1) of the set of morphisms ϕ ∈ W 1 for which ϕ 12 = q 1 , ϕ 22 = q 2 and det(ϕ) = d = X i Y j Z k . If q 1 and q 2 have no common factor, then, M(q 1 , q 2 , d) consists of a single T -fixed point of the form O Q (−X ) (2) . Assume next that q 1 = ll 1 , q 2 = ll 2 for some linear forms l, l 1 , l 2 ∈ {X, Y, Z}. Fix monomials f 1 and f 2 such that f 1 q 2 − f 2 q 1 = d. It is easy to see that M(ll 1 , ll 2 , d) is parametrised by the set A of morphisms of the form f 1 + ql 1 ll 1 f 2 + ql 2 ll 2 with q a quadratic form in the two variables different from l. Up to a permutation of variables, there are only two cases to be considered: (q 1 , q 2 ) = (X 2 , XY) or (XZ, YZ). In the first case
Choosing coordinates (a, b, c), we identify A with A 3 . We have
The induced action of T on A 3 is given by
We get an isolated fixed point unless (i, j, k) = (2, 3, 0), or (2, 1, 2), or (2, 2, 1), in which case we get an affine line of fixed points. Assume now that
We have
The induced action of T on A ≃ We get an isolated fixed point unless (i, j, k) = (3, 1, 1), or (1, 3, 1), or (2, 2, 1), in which case we get an affine line of fixed points. Summarising, we obtain the following proposition.
Proposition 4.2.1. Let q 1 and q 2 be distinct monomials of degree 2. Let d be a monomial of degree 5 in the ideal (q 1 , q 2 ). Then the set of fixed points for the action of T on M(q 1 , q 2 , d) has precisely one irreducible component, which is either a point or an affine line.
4.3.
Fixed points in M 2 . Assume that the point in M P 2 (5, 1) represented by the morphism
is fixed by T . Here ϕ satisfies the conditions from the beginning of this section, namely: det(ϕ) = 0, l = 0, l does not divide q, and l 1 , l 2 are linearly independent. For each t ∈ T , there is (g(t), h(t)) ∈ G 2 such that tϕ = h(t)ϕg(t). As at [20, Section 2.2], it is easy to see that l 1 , l 2 are distinct monomials, and that l, q are monomials. Thus, we may write
Permuting, if necessary, rows two and three of ϕ, we may assume that l is not a multiple of l 1 . Moreover, we may assume that f 1 , q 1 do not contain any monomial divisible by l 1 , and that q 1 , q 2 do not contain any monomial divisible by l. From the relation
we obtain the relations
From the relation
(tq).
Finally, we have the relation
Substituting the values for u 1 and v 2 found above yields the relation
From relations (1)- (4) we deduce that q 1 , q 2 , f 1 , f 2 are monomials. In fact, h −1
for some integers i, j, k satisfying the equation i + j + k = 0 and
where c rs = 0 if the corresponding monomial has negative exponents.
Given l 1 , l 2 , l, q as above and a monomial d of degree 5, we denote by M(l 1 , l 2 , l, q) the image in M P 2 (5, 1) of the set of morphisms ϕ ∈ W 2 for which ϕ 11 = q, ϕ 12 = l, and ϕ 23 has entries l 1 , l 2 . We denote by M(l 1 , l 2 , l, q, d) the subset given by the additional condition det(ϕ) = d. (ll 1 , ll 2 , ql 1 , ql 2 ) , the set of fixed points for the action of T on M(l 1 , l 2 , l, q, d ) has precisely one irreducible component, which is either a point or an affine line.
Proof. We will only examine the case when l 1 = X, l 2 = Y, l = Y, q = XZ, all other cases being analogous. Consider, therefore, a morphism of the form
where i + j + k = 0. Assume, firstly, that c 12 = 0. Then i = −1 and j = −1 because of our assumption that q 1 be not divisible by l or l 1 . Thus, c 11 = 0, c 22 = 0. We obtain the fixed points
Assume now that c 12 = 0 and c 11 = 0. Then i = −2, hence c 21 = 0, c 22 = 0, and we obtain the fixed points
Assume next that c 11 = 0, c 12 = 0, c 22 = 0. Then j = −2, hence c 21 = 0, and we obtain the fixed points
In the final case to examine, when c 11 = 0, c 12 = 0, c 22 = 0, we obtain the fixed
where f is any monomial of degree 3. For f = Z 3 we obtain a point in the moduli space, which we denote by ϕ 1 (∞). In conclusion, for the action of T on M(X, Y, Y, XZ), we have sixteen fixed isolated points and an affine line of fixed points, namely {ϕ 1 (c) | c ∈ P 1 \ {−1}}.
Fixed points in
D gives a T -fixed point in M P 2 (5, 1) if and only if Q is T -invariant and P is T -fixed. Thus, the torus fixed points in M 3 are given by morphisms ϕ ∈ W 3 that are represented by matrices with entries monomials.
5. The torus representation of the tangent spaces at the fixed points of M P 2 (5, 1)
In the sequel, for each fixed point in M k we will find a representative ϕ ∈ W k for which there exist diagonal matrices u(t), v(t) with entries characters u i (t), v j (t) of (C * ) 3 , such that tϕ = v(t)ϕu(t) for all t ∈ (C * ) 3 . This allows us to apply the method of Section 3.3: the action of T on T ϕ W k is given by (3.3.1), the action of T on T ϕ (G k ϕ) is given by (3.3.2) and, as T -modules, the quotient
Notations.
where l ≥ 1; {x, y, z} = the standard basis for the lattice of characters of (C * ) 3 ; χ 0 = the trivial character of T ; s
In this section we will use additive notation to denote characters of T or of (C * ) 3 . Thus,
We also adopt the following convention: whenever a monomial X i Y j Z k appears in a list of characters, it stands for the expression ix + jy + kz. is acted by T with weight −v m − u n + ix + jy + kz. Now T ϕ W 0 is the space of
The group acting by conjugation on W 0 is
Let e denote its neutral element. We identify canonically T ϕ (G 0 ϕ) with the space
which is represented by pairs (A, B) of matrices with polynomial entries. The Taction on this tangent space is given by (3.3.2). Let A ijk mn and B ijk mn be the matrices defined in the same way as w ijk mn . Now T acts on the tangent vector (A ijk mn , 0) with weight u m − u n + ix + jy + kz, and on (0, B ijk mn ) with weight −v m + v n + ix + jy + kz. The subspace of diagonal matrices {(cI, cI), c ∈ C} that we quotient out is acted upon trivially. A basis for End(4O(−2)) is given by
forms a basis of End(3O(−1) ⊕ O). To get the list of weights for T e G 0 we add the two lists for the two bases above and we subtract {χ 0 }. The result is expressed in the following tableau:
According to Section 4.1, the fixed points in M 0 are represented by matrices ϕ, where, modulo a permutation of variables, ϕ 11 is one among the matrices α, β, γ, δ, ε, ζ, η, θ, ι, κ, λ(a : b), µ, ν, and ξ from Section 2, Let ζ i , 1 ≤ i ≤ 4, be the maximal minor of ϕ 11 obtained by deleting column i. If ϕ 11 = λ(1 : −1) and ϕ 11 = ξ, then all ζ i are non-zero, and we may assume that ϕ has the form
where d is a monomial of degree 5 belonging to the ideal (ζ 1 , ζ 2 , ζ 3 , ζ 4 ) and c i = 0 if d is not divisible by ζ i . If ϕ 11 = λ(1 : −1) or ϕ 11 = ξ, then ζ 4 = 0 and the other ζ i are non-zero. However, the torus representation of the tangent space at a point does not change when the point varies in a connected component of M P 2 (5, 1) T . For this reason, we may ignore the case when ϕ 11 = λ(1 : −1), in fact, we may restrict to the case when ϕ 11 = λ. Without proof, we claim that, for each feasible d, there is a point in M(ξ, d) (notation as at Section 4.1) represented by a matrix of the form
In conclusion, we will only consider matrices of the form ψ(d), where ψ ∈ {α, β, γ, δ, ε, ζ, η, θ, ι, κ, λ, µ, ν, ξ}.
The values of v 1 , v 2 , v 3 , u 1 , u 2 , u 3 , u 4 for ψ(d) are the same as the values for ψ, as given in Table 1 , Section 3.3. On a case-by-case basis we can show that the equation Table 4 below. Table 4 Fixed point v 4 Fixed point
Fixed points in M 1 . By analogy with Section 5.1, the list of weights for the action of T on T ϕ W 1 is expressed by the table
and the list of weights for the action of T on T ϕ (G 1 ϕ) is represented by the array 
The torus acts on N [F ] with weights
Recall from Proposition 4.2.1 that an irreducible component of M T 1 is uniquely determined by q 1 , q 2 and d. Thus, ϕ has the form
The characters u 1 , u 2 , v 1 , v 2 have to be chosen such that (using additive notation)
Clearly, we may choose
With the aid of Proposition 5.2.1 we can determine which points in M 
The characters u 1 , u 2 , u 3 , v 1 , v 2 , v 3 have to be chosen such that (adopting additive notation)
By analogy with Section 5.1, the list of weights for the action of T on T ϕ W 2 is represented by the tableau
Observe that ϕ has a stabiliser of dimension one consisting of matrices of the form Let s 1 be obtained by setting l = l 1 = l 2 = 0 in the above expression, let s 2 be obtained by setting q = l 1 = l 2 = 0, let s 3 be obtained by setting q = l = l 2 = 0, and let s 4 be obtained by setting q = l = l 1 = 0. The torus acts on s 1 , s 2 , s 3 , s 4 with weights
Substituting the values for u 1 , u 2 , v 1 , v 2 from above we get the same expression in all four cases, namely
, this is the weight for the action of T on T e Stab(ϕ). To get the list of weights for the action of T on T ϕ (G 2 ϕ) we need to subtract this weight from the list
. The torus T acts on N [F ] with weights
Proof. 
equals χ 0 . In Table 6 below, which is organised as Table 5 , we have the information regarding the fixed points in M 2 . We assume that l 1 = X, l 2 = Y, the other cases being obtained by a permutation of variables.
5.4.
Fixed points in M 3 . By analogy with Section 5.1, the list of weights for the action of T on T ϕ W 3 reads
and the list of weights for the action of T on T ϕ (G 3 ϕ) is expressed in the tableau
Limit points of lines
The following lemma is probably well-known, but we need it in order to determine the structure of the irreducible components of dimension 2 of the torus fixed locus.
Lemma 5.5.1. Let E be a vector bundle of rank 2 on P n . Let s be a section of P(E). Assume that P(E) \ {s} is the trivial bundle on P n with fibre A 1 . Then P(E) is the trivial bundle on P n with fibre P 1 .
Proof. Tensoring, possibly, E with a line bundle, we may assume that s lifts to a global sections of E. The map O → E of multiplication withs is injective and its cokernel is a line bundle L. The total space of L * is isomorphic to
Proof. Recall the surface Σ 0 from Section 4.1 and the line Λ from Section 2.2.7. Denote Σ = Σ 0 . An examination of Tables 5, 6 and 7 convinces us that
It follows that s = Σ \ Σ 0 is a section for the map Σ → Λ. Thus, Σ = P(E) for a vector bundle E of rank 2 over the projective line Λ. The proposition follows from Lemma 5.5.1, in view of the fact that Σ 0 is isomorphic to the trivial bundle over Λ with fibre A 1 .
Denote M = M P 2 (5, 1). The first part of Theorem 2 concerning the structure of M T follows from Section 4 and Proposition 5.5.2. Let λ(τ) = (τ n 0 , τ n 1 , τ n 2 ) denote a one-parameter subgroup of T that is not orthogonal to any non-zero character χ for which there is [ϕ] ∈ M T such that the eigenspace
is non-zero. From the results in this section it follows that the set of such characters χ is contained in the set does not change, so we may define the integer p(X). These integers can be computed with the help of the Singular [7] program from Appendix B. From (3.3.3) we deduce the formula
where the summation is taken over all connected components X of M T . Substituting the values for p(X) yields the expression of P M from Theorem 2. The final statement about the Hodge numbers follows, as in the case of N (3, 4, 3), from (3.3.4) . 
